We present a construction of open-closed string field theory based on disc and RP 2 geometries. Finding an appropriate BRS operator in the case of the RP 2 geometry, we generalize the background independent open string field theory (or boundary string field theory) of Witten on a unit disc. The coupling constant flow at the closed string side is driven by the scalar operator inserted at the nontrivial loop of RP 2 . We discuss the off-shell extension of the boundary/crosscap states. Our construction provides an interpolation of orientifold planes of various dimensions as well as that of D-branes.
I. Introduction
For a long time, a number of physicists have suspected that "space of all two-dimensional field theories", if it is to be defined, should be a natural configuration space of strings on which string field theory is constructed with an appropriate gauge invariant action. Ultraviolet divergences associated with irrelevant operators carrying arbitrarily high dimensions have hampered progresses toward this goal. It was shown by Witten [1] 1 , however, that, modulo this difficulty, a clear-cut framework based on Batalin-Vilkovisky formalism (BV) [3, 4] is possible to find in the case of open-string field theory. This framework materializes the idea of "theory space" on a unit disc. String field theory 2 of this kind, originally called background independent open string field theory, provides a self-consistent framework for off-shell processes in which relevant and marginal operators are involved.
More recently, this theory has been successfully applied to the problem of open string tachyon condensation [6, 7] . It provides an off-shell interpolation between the Neumann and the Dirichlet boundary conditions of an open string. An exact tachyon potential [6, 7] with the right normalization coefficient [8] has been obtained and this has provided a proof of Sen's conjecture [9] that the difference between the two extrema just cancels the tension of the D-brane in question. It allows us to consider the decay of a higher dimensional brane to a lower one as well. An agreement on tensions of branes of various dimensions has been given. See [10, 11, 12, 13, 14, 15, 16] for some of the subsequent developments. We will refer to the background independent open string field theory of Witten as boundary string field theory (BSFT), following the current nomenclature. An extension of this framework to closed string field theory appears to be formidable as we do not yet understand well enough processes under which the matter central charge changes by the presence of BRS noninvariant operators located on the bulk of a Riemann surface.
One may note with this last regard is that there are some processes of a closed string and geometries represented by a closed string which do not involve operators living in the entire bulk of a Riemann surface. In particular, orientifold planes of various dimensions are characterized as crosscap states on a complex plane representing the RP 2 worldsheet geometry and can be discussed in parallel to D-brane boundary states representing the disc worldsheet geometry. These points have prompted us to consider a RP 2 generalization of BSFT, an extension of the idea of theory space on the unit disc and hence open-closed string field theory from the disc and the RP 2 worldsheet geometries, which share the same Euler number. For recent discussions on the other aspects of closed string geometries and closed 1 See also [2] . 2 For a recent review on string field theory, see, for example, [5] .
string tachyon, see, for example, [17, 18, 19, 20, 21, 22, 23] .
In this paper, we will present a construction of open-closed bosonic string field theory 3 .
Our construction is based on the BV formalism applied both to the correlators on the boundary of the disc and the ones on the nontrivial loop C of RP 2 (π 1 (RP 2 ) = Z 2 ). The former part is a repetition of [1] except for the insertion of Chan-Paton space. As for the latter, let us first note that this nontrivial loop can be identified as a source of the cross cap contributing to the Euler number when RP 2 is represented as a part of the complex plane.
We find that the scalar operators located on this nontrivial loop accomplish the desirable interpolation between the orientifold planes of various dimensions in much the same way as the operators of BSFT do between D-branes of various dimensions. An off-shell extension [26, 27] , (see also [28] ), of D-brane boundary states and that of cross cap states [29, 30, 31] provide an expedient tool for this. The latter will be given in this paper.
We find an appropriate BRS operator which acts on the operators on this loop on RP 2 .
Finding such an operator is mandatory for us to materealize the BV formalism on RP 2 .
The total action resulting from our discussion is simply a sum of two terms, one from the disc geometry and the other from RP 2 . In this sense, our construction generalizes that of the first quantized unoriented string theory at Euler number one. Each part of the action separately obeys a first order differential equation with respect to the couplings of operators inserted. The relative normalization between the two terms is fixed by appealing to the dilaton tadpole cancellation at Euler number one [32, 33, 34] . The work of [8] tells that the normalization of the disc part is in fact D-brane tension. In our construction, closed string amplitudes are still beyond our reach and our discussion is essentially at the classical level.
In the next section, we briefly summarize essential ingredients of BSFT, which are the BV formalism, the action of the BRS operator on the operators located on the boundary of a disc and the defining differential equation for the action S disc . We recall the off-shell boundary states introduced in [26, 27] . In section three, the RP 2 extension of BSFT is given.
We find an appropriate BRS operator acting properly on operators on the nontrivial loop represented as half of a unit circle in the complex plane. We compute the action of the BRS operator and derive a differential equation for S RP 2 . We introduce off-shell crosscap states which manage to interpolate states representing orientifold geometries of various dimensions.
In section four, we discuss the total action. The total action consists of the contributions from the two geometries. We discuss how to fix the relative normalization.
In Appendix A, we construct a holomorphic field with weight p on the disk and that on RP 2 , using the construction on the plane as the double of the surfaces. These are found to be useful in the calculation in the text. In Appendix B, we recall the tachyon vertex operator of an unoriented bosonic string with intercept −4.
II. Background Independent Open String Field Theory of Witten, and Off-Shell Boundary States
A. BV Formalism
Let us first recall the BV formalism briefly. The basic ingredients of this formalism can be summarzed as a triplet
Here M is a supermanifold equipped with local coordinates {{u I }}. We denote by ω a nondegenerate odd (fermionic) symplectic two-form which is closed
Finally, M possesses U(1) symmetry generated by the fermionic vector field V = V I d du I . This U(1) symmetry is identified with ghost number.
The action functional (or zero form) S in this formalism is introduced through
where i V is an interior contraction by V . That V generates a symmetry of ω translates into
where be constant provides the nilpotency of V
and V is naturally identified with the BRS charge. In the next section, we will find that this framework is realized on the RP 2 worldsheet geometry as well. Let us first review the realization on the disc by Witten.
B. {Q BRS , O}
We will first obtain the BRS transformation of a generic operator O with ghost number one located on the boundary ∂Σ of the unit disc Σ. Let
where V is a generic scalar operator with ghost number 0 and the last equality holds only on the unit circle. Note that c σ (σ), the tangent component of the ghost field along the boundary of the disc, is the only nonvanishing component on the boundary. See eq. (A.9) in the Appendix . It is safe to obtain the BRS transformation
using a free open string:
We find
We confirm that an on-shell open string tachyon with intercept −1 is represented by the
The defining differential equation (2.3) for S disc is written as
Here · · · ghost V,disc is the unnormalized path integral with respect to the worldsheet matter action
14)
Here η ij is a worldsheet metric which is taken to be flat, and g µν is a spacetime metric with Minkowski signature. We denote by tr the trace over the Chan-Paton space. This simply gives us a factor n of so(n) Lie algebra. Separating the ghost Hilbert space, we find
D. Off-shell Boundary State
The unnormalized matter path integral · · · V,disc can be represented as a matrix element
The bra vector B | obeys
We refer to B | as an off-shell boundary state of the disc. The condition (2.18) is a consequence from the correspondence between the matrix element (2.17) and the end point of the path integral. The latter one obeys the boundary condition derived from the worldsheet action I disc on the disc. Eq. (2.18) tells us that, at the initial point of the coupling constant flow, the system obeys the Neumann boundary condition:
The end point of the flow is described by zero of ∂V ∂X µ , namely, the Dirichlet boundary condition:
An explicit interpolation between the two ends can be done in solvable cases. In the case of quadratic profiles, the proper form of the Green function has been given in [26, 27] . For analyses which utilize the boundary sine-Gordon model and the g function = B | 0 , see [35, 36] .
III. RP 2 Extension
We now proceed to construct the RP 
namely the closed string tachyon with intercept −4. For completeness of our discussion, we will include its derivation in the Appendix B.
Another property of RP 2 , which is of vital importance to us, is π 1 (RP 2 ) = Z 2 . This permits us to consider a nontrivial loop C which is represented by a path connecting any two conjugate points (for example, 1 and −1) on the complex plane, i .e. the double of this Riemann surface. As a reference loop, we consider half of a unit circle z = e iσ (0 ≤ σ < π).
A. Glossary of Notation
Let us first summarize our notation in the RP 
In both equations, the last equality holds only when |z| = 1. We also note
3)
Here the argument −w should be substituted after the derivatives are taken and V is an arbitrary function of X µ .
B. BRS charge Q (σ)
Our first objective is to obtain a BRS charge which corresponds to the vector field V in the BV formalism for the RP 2 case. Let us consider the following expression:
where the subscript even implies that the modes are restricted to the even ones. For example, c
. We will now show that our Q (σ)
BRS , when acted upon the conformal fields on |z| = 1, generates the BRS transformations representing the diffeomorphisms in the σ direction.
Let us first consider the ghost part of our BRS current:
We obtain
so that
One can easily show δ B c r (w) = 0. These are the desirable BRS transformation laws for the σ diffeomorphisms. (Again |w| = 1 is understood.)
Next, we consider the matter part of the BRS current:
In particular, setting V ′ (X µ ) = X µ , we obtain
This is again the desirable BRS transformation. Thus, the operator
generates the BRS transformations δ B associated with the σ diffeomorphisms on |w| = 1.
It is now immediate to carry out the action of the BRS charge on a generic operator with ghost number one. This also brings us an operator which is "on-shell" with respect to Q (σ)
BRS , that is, invariant under δ B . Let O be a scalar operator with ghost number one,
The right hand side vanishes when
Here β σ and β r are constants and 1 is the identity operator. Eq. (3.16) includes the case
as a special case. In what follows, we will consider a off-shell deformation of the following kind:
where V ′ , V ′′ are generic scalar relevant operators.
D. Nilpotency of δ B
The condition we need in our formalism is δ 
On the other hand, for both
The terms in the right hand side cancell with one another and we establish δ
The analyses made and the properties established above provide the ingredients necessary for us to define dS in the framework of BV on Σ ′ = RP 2 as well. Following the disc case,
Here the unnormalized path integral · · · V ′ is evaluated with respect to
24)
Note that, in eq. (3.23), the allowed form of the nonvanishing ghost three point function has selected V ′ alone and V ′′ has disappeared.
F. The Off-shell Cross Cap States
The unnormalized path integral on RP 2 geometry can be represented as a matrix element between the ket vector of the closed string vacuum and the bra vector of the off-shell crosscap . This means that, on C = {{r = 1, 0 ≤ σ < π}}, we have to substitute z = e iσ ,z = −e −iσ (3.27) into the arguments. We find
+ the part proportional to eq. of motion . From the correspondence between the matrix element and the end point condition of the path integral, we conclude that the bra vector C | must obey
The initial point of the coupling constant flow is described as the crosscap condition:
The end point of the flow is described by zero of ∂V ′ ∂X µ , which is nothing but the orientifold condition.
C
In general, this flow provides an off-shell process associated with the decay of the orientifold plane into a lower one. We have derived the two point function from eq. (3.29) in the case that V ′ is quadratic in X µ and checked that it takes the proper form on both ends of the flow 4 .
IV. Total Action
Our construction of the action for open-closed string field theory is completed by adding S disc and S RP 2 .
The individual parts S disc and S RP 2 obey the first order differential equations eqs. (2.16) and (3.23) respectively. Here we discuss the normalization constants appearing in these two quantities. It has been shown in [1, 2] that S disc on-shell, (that is, with no operator insertion)
is actually the matter partition function of a free open string up to an overall normalization. The same applies to S RP 2 as well: on-shell it is the RP 2 matter partition function up to an overall normalization. We write these relations as
Here Z disc and Z RP 2 are complete partition functions obtained by carrying out the path integrals over X µ and the two-dimensional metric. (They are actually free(vacuum) energies of a string as a single string can produce only a connected graph.) We denote by g disc and g RP 2 the contributions in respective geometries from the path integrals of the two dimensional metric in the Polyakov formulation. They are made of the ghost determinant divided by the volume of the conformal killing vector and the order of the disconnected diffeomorphisms.
Eq. (4.2) and eq. (4.3) can be related by invoking the cancellation between the dilaton tadpole of disc and that of RP 2 [32, 33, 34] . The operator insertion of a zero momentum tadpole in the first quantized string can be done by taking a derivative of the partition function with respect to the tension of a fundamantal string T f und = 1 2πα ′ . On the other hand, the BV formalism guarantees that the right hand side of the basic equation dS = i V ω is a total differential at least locally. The integration constant is, therefore, an additive one and, up to this constant, S disc/RP 2 is completely determined:
where f disc (λ α ) and f RP 2 (λ α ) are both scalar functions, and can be determined by using solvable tachyonic profiles 5 .
Putting all these discussions together, we find that the cancellation of the dilaton tadpoles implies ∂ ∂T f und Kng disc f disc + K ′ g RP 2 f In [8] , K has been determined by demanding that a proper amplitude of a nearly on-shell three point open string tachyon be obtained. There is no argument in the RP 2 case which parallels the disc case as closed string tachyon with intercept −4 lives in the bulk of RP 
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